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We improve predictions of the cosmic microwave background (CMB) power spectrum induced by
cosmic strings by using source terms obtained from Nambu-Goto network simulations in an expand-
ing universe. We use three high-resolution cosmic string simulations that cover the entire period
from recombination until late-time Λ domination to calculate unequal time correlators (UETCs) for
scalar, vector and tensor components of the cosmic-string energy-momentum tensor. We calculate
the CMB angular power spectrum from strings in two ways. First, to aid comparison with previous
work, we fit our simulated UETCs to those obtained from different parameter combinations from
the unconnected segment model and then calculate the CMB power spectra using these parameters
to represent the string network. Second and more accurately, we decompose the UETCs into their
corresponding eigenvalues and eigenvectors and input them directly into an Einstein-Boltzmann
solver to calculate the power spectrum for each of the three simulation time periods. We combine
the three simulations together, using each of them in its relevant redshift range and we obtain overall
power spectra in temperature and polarisation channels. Finally, we use the power spectra obtained
with the latest Planck and BICEP2 likelihoods to obtain constraints on the cosmic string tension.
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I. INTRODUCTION
Topological defects appear naturally during phase
transitions in the early Universe. The field develops a
spontaneous symmetry breaking phase, where topologi-
cal defects may form: textures, monopoles, strings, and
domain walls (for a review see Ref. [1]). Of these topo-
logical defects, cosmic strings are one dimensional and
may have been created at the end of inflation. Their
large energy per unit length (µ) is expected to give rise
to observable effects, such as gravitational lensing and
gravitational waves. They induce temperature linelike
discontinuities, thus giving a characteristic signature in
the cosmic microwave background (CMB) power spec-
trum [2, 3].
The CMB is a powerful method for distinguishing be-
tween early Universe models. Results from the Planck
Collaboration [4] provide strong constraints on cosmic
strings, instead giving robust support for a nearly scale-
invariant inflationary model with the standard six pa-
rameters. At present, however, cosmic string constraints
are determined not from direct Nambu-Goto string simu-
lations but from either a phenomenological string model,
the unconnected segment model (USM) [5], or from field
theory simulations of the Abelian-Higgs model of increas-
ingly, but still with limited resolution [6]. The resulting
CMB constraints are different, so there is good moti-
vation for determining the Nambu-Goto results directly,
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2which can also improve the calibration of the USM model.
A different approach for detecting cosmic strings has
also been investigated, which is based on detecting non-
Gaussian signatures generated by cosmic strings through
CMB maps using higher-order correlation functions such
as the bispectrum [7–9]. These methods have yielded
weaker constraints on the cosmic strings tension so far.
In addition, pulsar timings have been used to constrain
the gravitational wave background, which in turn places
stringent constraints on cosmic strings [10, 11]. These
methods provide an independent bound on the cosmic
string tension to the CMB one, and in the future they
can be significantly improved by new constraints on grav-
itational waves.
In this paper, after a general review of cosmic strings
in the literature, we make an estimate of the CMB
power spectrum induced by Nambu-Goto cosmic strings.
The main idea is to determine unequal time correlators
(UETCs) at high resolution and precision, relevant for
the Planck satellite. We use three simulations, cover-
ing the entire period from before the radiation to matter
transition to late-time Λ domination. These UETCs are
then fitted with analytic ones characterised in terms of
three parameters using the phenomenological USM [12].
The parameters for which the analytic model best fits the
simulations are used as parameters in the CMBACT code
[13], which determines the power spectrum of the cos-
mic strings. The UETCs are diagonalised and the eigen-
vectors are used directly as sources for the CMB fluc-
tuations, thus obtaining a very accurate angular power
spectrum. These UETCs are combined for the different
epochs and the overall power spectra in the tempera-
ture and polarisation channels are obtained. Finally, the
power spectrum is used to estimate the allowed cosmic
string contribution in the power spectrum (Gµ/c2 for the
string tension and f10 for the string fractional power)
using Markov chain Monte Carlo parameter estimation
(COSMOMC) with the latest CMB likelihoods.
II. REVIEW OF COSMIC STRINGS AND
OTHER TOPOLOGICAL DEFECTS
As the size of the Universe has dramatically increased
during inflation, the only defects that may be observable
today must have been formed at the end of inflation or af-
ter its end [1]. The existence of cosmic topological defects
is related to the spontaneous symmetry breaking in the
evolution of the Universe, during the cooling-down phase.
They have been studied in analogy with condensed mat-
ter physics [14] and particularly solid state physics [15].
From all these topological defects, strings are the most
studied [1].
Cosmic strings were once considered to be the primary
source of anisotropies in the CMB [1]. However, after the
release of the Boomerang data it has been shown that the
characteristics of the power spectrum they produce does
not match the one observed in the CMB using the COBE
mission and Boomerang [16], WMAP and Planck probes.
The cosmic string temperature power spectrum is smooth
and has a unique peak, and hence it does not match the
observed CMB power spectrum. In the meantime, a good
agreement in the power spectrum has been obtained from
the inflationary scenarios, effectively ruling out topolog-
ical defects as the primary source of anisotropies [17].
However, cosmic strings can still be present. Current ob-
servational data allow a maximum of 3% of the observed
power to be due to cosmic strings [17]. Initially it was
expected that the amplitude of the string tension was in
the region of 1016 GeV, which is the Grand Unification
Theory scale, which corresponds to Gµ/c2 ∼ 10−6. Such
high energy is impossible to probe with terrestrial exper-
iments, and identifying the existence of cosmic strings at
these energies would offer a very interesting connection
with particle physics. It would be possible to test parti-
cle collision patterns at very high energies and to identify
signatures of extra dimensions from string theory [17, 18].
More recent studies in string theory have shown that
their tension could in fact be as low as the electroweak
scale [19]. In this case, the allowed limit for the string
tension would be 10−11 < Gµ/c2 < 10−6 [20]. The
more recent work is based on superstring theories and
new methods of string compactification with large extra
dimensions and/or large warp factors. These ideas are
presented in detail in Refs. [21, 22]. Another option,
which relies on supersymmetry, is presented in Ref. [23].
Very recently, various cosmic string models [24–26]
have been discussed in trying to explain the BB polari-
sation obtained by the BICEP2 experiment [27].
String networks are formed of long strings and finite
loops. When long strings intersect, there are two possi-
bilities: they either pass through one another as if there
ware no collision, or they disconnect and reconnect again
in a different way. Loops can be formed in the latter case.
When a string self-intersects, the reconnection probabil-
ity is one for classical cosmic strings [28]. They then
collapse inward and decay. During the decay process,
their energy is converted into gravitational waves.
There are two approaches for studying the evolution
of cosmic strings: the Abelian-Higgs field theory model
and the Nambu-Goto effective action.
Abelian-Higgs model
The Abelian-Higgs model is the relativistic extension
of the Ginsburg-Landau theory and has the action [1]:
S =
∫
d4y
√−g(∂µ + ieAµ)φ¯(∂µ − ieAµ)φ−
1
4
FµνF
µν − 1
4
λ(|φ|2 − η2)2 (1)
where φ is a complex scalar field, λ and e are coupling
constants, and Aµ is a four-dimensional U(1) gauge field
satisfying Fµν = ∂µAν − ∂νAµ. Using Dµ = ∂µ − ieAµ,
3the equations of motion become:
DµD
µφ = −λφ
2
(|φ|2 − η2) (2)
DνF
νµ = 2e=(φ?Dµφ) (3)
The action described in Eq. (1) has vortex-type solu-
tions [29, 30], which are static and cylindrically symmet-
ric:
φs(r) = e
inθf(r) (4)
Asa(r) = abxb
n
er2
α(r) (5)
with a, b = 1, 2 and  being an antisymmetric tensor. Fix-
ing suitable boundary conditions, the large r asymptotic
solutions to these equations can be obtained in terms of
modified Bessel functions of the second kind:
α(r) = 1− rK1
(√
2er
)
(6)
f(r) = 1−K0
(√
λr
)
(7)
In the case of a curved string, one can express any point
near the string world sheet in terms of tangent vectors to
the world sheet and normal vectors:
yµ(ξ) = xµ(ζ) + ρAnµA(ζ) (8)
where nµA are the normal vectors, x
µ
,a are the tangent
vectors, yµ is a point near the world sheet and ξµ =
(ζa, ρA).
The approximate solution is thus:
φ (y(ξ)) = φs(r) (9)
Aµ (y(ξ)) = nµB(ζ)AsB(r) (10)
When reexpressing the action in terms of these new
coordinates, one needs to calculate the Jacobian of the
transformation from the y to ξ coordinates. This is given
by the square root of the modulus of the determinant of
the world sheet metric Mαβ , which can be expressed as:
Mαβ = diag (γab,−δAB +O(r/R)) (11)
where
γab = gµνx
µ
,ax
ν
,b (12)
The integration over the normal coordinates ρA can be
performed, yielding just the constant µ. The asymp-
totic solutions (7) decaying exponentially, the correction
is reduced to O(δ/R). Hence, if one considers the string
curvature small with respect to the string length, the
Nambu-Goto action is obtained as the first-order approx-
imation [1]. It will be discussed in the next subsection.
Nambu-Goto model
A one-dimensional reduction of the Abelian-Higgs ac-
tion gives rise to the Nambu-Goto action, described be-
low (see Refs. [1, 31]). Hence, the Nambu-Goto strings
have just one dimension (0 width) and live in a two-
dimensional space-time parametrised by Xµ = Xµ(ζa)
with a = 0, 1 . The physical motivation for using this
approximation is that higher-order corrections are small
when strings are considered to be long enough compared
to their width [32]. Nambu-Goto strings can be derived
as solutions of the Nambu-Goto action:
S = −µ
∫ √−γd2ζ (13)
where γab = gµν∂aX
µ∂bX
ν is the two-dimensional world
sheet metric and γ = det(γµν) [same as Eq. (12), with
xµ → Xµ].
(ζ0, ζ1) is an arbitrary parametrisation of the string
world sheet, with one of the parameters timelike and the
other spacelike. Hence, in an expanding universe, one
may choose to take ζ0 := τ (conformal time) and ζ1 := σ
(the spacelike parameter of the string).
Simulations usually start with Vachaspati-Vilenkin ini-
tial conditions [33]. When two strings segments meet,
they split and then reconnect the other way (intercom-
mutation). In this process, loops are being formed and
they decay and radiate energy. In the time evolution
of the cosmic string network, the strings are expected to
reach a scaling solution, i.e. the number of cosmic strings
crossing each horizon volume is fixed [34]. This energy
loss mechanism in fact makes cosmic strings cosmolog-
ically viable (otherwise cosmic strings would eventually
dominate the Universe) [35] and also the initial condi-
tions considered for the simulations less important. In
Fourier space, the energy-momentum tensor arising from
action (13) can be expressed as:
Θµν(k, τ) =
∫
d3xeik.xΘµν(x, τ) =
= µ
∫
dσeik.X(σ,τ)
(
X˙µX˙ν − −1X′µX′ν
)
(14)
where the prime denotes differentiation with respect to
σ and dot denotes differentiation with respect to τ and
 =
√
X′2/(1− X˙2) represents the energy density along
the string. For the Nambu-Goto strings, a good phe-
nomenological model is given by the velocity-dependent
one-scale (VOS) model [36–38]. This model assumes that
the string population is formed by long strings (denoted
by ∞) and small loops (denoted by l). The long strings
are characterised by the correlation length L and by the
root-mean-square velocity v:
v2 =
∫
X˙2dσ∫
dσ
(15)
The averaged energy density of the long strings is:
ρ∞ =
µ
L2
(16)
4and the parameter c˜ is a constant which expresses the
loop production rate and is defined by the following for-
mula:
dρ∞
dt
= c˜v∞
ρ∞
L
(17)
The evolution equations for the correlation length L
and for the velocity of long strings v∞ can be derived
from the microscopic equations of motion and Newton’s
second law:
2
dL
dt
= 2HL(1 + v2∞) + c˜v∞ (18)
dv∞
dt
= (1− v∞)
(
k
L
− 2Hv∞
)
(19)
where k is a parameter which characterises the small scale
structure of the string network and which expresses the
loop production rate [36]:
k =
〈(1− x˙)(x˙ · uˆ)〉
v(1− v2) (20)
where uˆ is a unit vector parallel to the curvature radius
one. For the relativistic regimes considered in the case of
cosmic strings, a suitable asymptotic ansatz is:
krel =
2
√
2
pi
· 1− 8v
6
1 + 8v6
(21)
while in the nonrelativistic limit a consistent asymptotic
limit is found [38]:
knon-rel =
2
√
2
pi
(22)
Numerical simulations have fixed c˜ = 0.23 regardless of
epoch. Scale-invariant solutions, which are characterised
by v∞ = constant and L ∝ t exist only when the scale
factor is evolving as a power law.
Phenomenological unconnected segment model
For Nambu-Goto strings, the USM model has been de-
vised, as described in Refs. [5, 12, 39, 40]. In the this
model, the cosmic string network is described by a Brow-
nian network which is formed from a set of independent,
uncorrelated straight segments with random velocities.
All segments are produced early in the evolution of the
Universe, and then, at each epoch, part of the strings
decay such that scaling is preserved throughout the his-
tory of the Universe. Each segment has comoving length
equal to the correlation length, and its position is ran-
domly chosen, in such a way such that the equations
of motion (18) and (19) are satisfied for each particu-
lar string segment. Hence, the magnitude of the velocity
is determined by these equations, but its orientation is
arbitrary and is taken from a flat distribution.
As the model is made from straight segments, the small
scale structure of the strings is not taken into account.
This has been adjusted phenomenologically, by adding
a new “wiggliness” parameter α [41], which, however,
describes only the macroscopic evolution of the strings.
This modifies the energy momentum tensor (14):
Θµν(k, τ) = µ
∫
dσeik.X(σ,τ)
(
αX˙µX˙ν − 1
α
X′µX′ν
)
(23)
The string segment decay is realised through a func-
tion T off that is a smooth approximation to the Heaviside
function, such that after a certain time the particular
string segment disappears and similarly for the appear-
ance of the segment through a similar function T on. The
total stress-energy tensor is calculated as the sum of the
individual components for the segments:
Θµν(k, τ) =
∑
m
Θmµν(k, τ)T
off (τ, τonm )T
on
(
τ, τoffm
)
(24)
The energy-momentum tensor of one segment is of the
form of Eq. (23):
Θµν(k, τ) =
= µ
∫ l/2
−l/2
dσeik·X(αX˙µX˙ν − 1
α
X ′µX ′ν) (25)
where l is the comoving correlation length l = L/a. The
number of string segments at N at each particular time
satisfies
N(τ) ∝ 1
τ3
(26)
and hence scaling is preserved [40]. However, in this case
in order to have one string segment today, one would need
at least 1012 initial string segments, which is not possible
numerically. The problem was overcome by considering
only one of the segments decaying at each particular time
and multiplying it by a suitable weighting function, cho-
sen such that scaling is preserved. An equation for the
evolution of the wiggliness parameter α is used [34]:
α(τ) = 1 +
0.9
Hτ
(27)
such that it satisfies the expected behaviour in the radi-
ation, matter and cosmological constants eras.
As the equations describing the matter perturbations
and the power spectra do not depend on the direction of
the wave-vector k, this can be taken to be along the k3 =
kz axis. Thus, the energy-momentum tensor components
become:
Θ00 =
µα√
1− v2
sin(kXˆ ′3l/2)
kXˆ ′3/2
cos(k ·X0 + k ˆ˙X3vτ) (28)
Θij =
[
v2 ˆ˙Xi
ˆ˙Xj − (1− v
2)
α2
Xˆ ′iXˆ
′
j
]
Θ00 (29)
5while Θ0i can be expressed using the conservation of the
stress-energy tensor Θµν . With this choice of the wave
vector, the components required for the Boltzmann inte-
grator CMBACT [13], which in turn is based on CMB-
FAST [42] are:
ΘS = (2Θ33 −Θ11 −Θ22)/2 (30)
ΘV = ΘV1 = Θ13 (31)
ΘT = ΘT12 = Θ12 (32)
Θ = Θii (33)
ΘD = Θ03 (34)
These are the anisotropic scalar, the vector component,
the tensor component, the tracem and the velocity field.
This model has been used to mimic the behaviour of
Abelian-Higgs strings, by tuning its parameters. The
results are in good agreement with the field theory sim-
ulations [18].
CMB comparison for Abelian-Higgs and
Nambu-Goto simulations
As described in the previous subsections, field theory
simulations have a much lower dynamical range than
Nambu-Goto simulations. They are, however, able to
resolve scales of sizes comparable to the string width,
and the decay products appear naturally out of the sim-
ulation. In the case of Nambu-Goto simulations, loops
are clearly visible, but in field theory simulations, energy
moves directly into massive modes of the fields because
of the limited dynamical range. A comparison between
the two types of simulations appears in Fig. 1 of Ref.
[43].
This can be illustrated by the different shapes and am-
plitudes of the temperature power spectra determined
from these two models, as it can be seen in Fig. 3 of Ref.
[17]. These plots were created with the standard param-
eters from the code CMBACT [13] for the USM (Nambu)
and AH mimic and with field theory simulations for the
Abelian-Higgs cosmic strings.
The difference may be due to the fact that the USMs
are not able to model the velocity correlations between
the strings, but also to the fact that the field theory sim-
ulations rely on extrapolation over many orders of mag-
nitude [6]. Even though extensive simulations have been
performed for the Abelian-Higgs model, the Nambu-Goto
strings have mostly been described using the simplified
USM model.
In this paper we are using the Allen and Shellard
code [44] to generate Nambu-Goto string networks with
Vachaspati-Vilenkin initial conditions and evolve them
in time in different epochs of the Universe (as described
later). The code outputs the string parameters for all
the points from the string network at each time. An-
other code is used to read in all the parameters for all
points at a particular time step, evaluate the local energy-
momentum tensor using the real-space version of Eq.
(14) and then interpolate it on a three dimensional grid of
chosen size. The outcome of this is an energy-momentum
tensor for the whole network at a specific time evaluated
on a 3D grid. This is Fast Fourier Transformed, and it
is then decomposed into scalar, vector, and tensor parts
(SVT decomposition) in order to determine the compo-
nents required [45].
The first code treats each time step separately. It reads
the coordinates of each point and the data required to
calculate the energy-momentum tensor at that particular
place according to Eq. (14). This energy-momentum ten-
sor is interpolated on a given grid, user-specified accord-
ing to the resolution required, using a triangular cloud-
in-cell interpolation method. This method interpolates
each of the given points onto the 27 closest neighbours on
the three-dimensional grid (weighted appropriately ac-
cording to the distance to each point and ensuring en-
ergy conservation in this process), and the results are
added up. Thus, the full stress-energy tensor is created
on the grid at that particular time in real space. Then
the full 3D matrix is converted to Fourier space using a
Fast Fourier Transform routine. The new grid, now in
Fourier space, is smoothed out by multiplying it with a
Gaussian and then the energy-momentum tensor is split
into scalar, vector, and tensor parts. For the scalar parts,
we have chosen to output the Θ00 (energy density) and
ΘS (anisotropic scalar) components, but other choices
can be made according to what one needs; for the vector
parts, we have output two of the vector components and
similarly for tensors.
III. COSMIC STRING SIMULATIONS
To obtain an accurate prediction for the cosmic string
power spectrum, we have used three simulations, cover-
ing in total a redshift range from 5900 to 0 as follows.
The first simulation (Simulation 1) starts deep into the
radiation era, goes through radiation-matter transition,
and ends in the matter era, corresponding to redshifts
from 5900 to 700. The second simulation lies entirely in
the matter era, with redshifts from 860 to 37. The third
simulation starts in the matter era (redshift 48) and goes
into the cosmological constant future, to z=0. All three
simulations have Vachaspati-Vilenkin initial conditions
[1] and evolve in time. All three simulations had earlier
initial times, but we have removed around 1.5% of the
time steps of each of them in order to remove the exces-
sive correlations in the initial conditions. The important
quantity in this context is the dynamical range of the
simulations. After removing these initial time steps, we
decrease the dynamical range of each of the simulations
by roughly 15%. In Fig. 1 the time evolution of the string
network simulation covering the matter epoch is shown
by plotting the energy component for the strings at three
time steps corresponding the first, middle and last time
used in the calculation of the UETCs. The density of
strings is decreasing with the expansion of the Universe.
6The simulations are the ones described in Ref. [46], and
the same cosmological parameters are used.
The three simulations cover the entire cosmological his-
tory of the Universe which is of interest when determining
the CMB power spectrum. One can see that the network
is initially very dense (Fig. 1) in each of the simulations,
and Vachaspati-Vilenkin initial conditions are used.
Large loops are kept in the simulation and contribute
to the total energy-momentum tensor of the network. In
a physical context, small loops decay into gravitational
radiation. Those that are smaller than the resolution
of the simulation are not resolved and hence could be
treated as point mass sources. Their effect on the overall
string network is negligible in linear theory and there-
fore are neglected in practice because it accelerates the
network simulation to remove very small nonintersecting
loops. These tiny loops were also found to have a small
effect in Refs. [47, 48]. By ignoring these small loops, we
obtain a conservative bound on cosmic strings. An alter-
native simulation technique has been developed in Refs.
[49, 50] where the evolution of these small loops can be
more efficiently continued during network evolution.
IV. UNEQUAL-TIME CORRELATOR
APPROACH
Cosmic strings are active sources. This means that
unlike primordial perturbations, which are seeded at the
end of inflation but primarily act after last scattering,
cosmic strings continuously seed perturbations through-
out the history of the Universe [51]. The presence of these
cosmic strings induces modifications to the usual pertur-
bation equations, in the sense that a term correspond-
ing to the energy-momentum tensor of cosmic strings
must be added and then the Einstein-Boltzmann hierar-
chy must be solved. For example, in the scalar case, we
present a simplified discussion showing the modification
of the equations of interest in the synchronous gauge:
δ¨C +
a˙
a
δ˙C = 4piG
∑
N
(1 + 3c2N )ρNa
2δN + S (35)
δ¨R+
a˙
a
(1−3c2S)δ˙R = c2S∇2δR+
4
3
δ¨C+
4
3
a˙
a
(1−3c2S)δ˙C (36)
where δC and δR are the cold dark matter (CDM) and
radiation overdensities, cS is the sound speed, N repre-
sents the CDM, photon-baryon fluid and the species of
neutrinos, while S (the source term) can be expressed in
terms of the stress-energy tensor as:
S = 4piG(Θ00 + Θii) (37)
Uniform energy density and space curvature must be
taken as initial conditions in the Boltzmann equations.
In this case, to first order in perturbation theory, by in-
tegrating the full Boltzmann equations with these initial
conditions one can obtain the string multipoles Cstringl .
In this case, as the active sources are uncorrelated with
the primordial fluctuations, the total angular power spec-
trum can be expressed as:
Cl = C
inflationary
l + C
string
l (38)
To do the integration, there are two methods: (1a) ig-
nore the full Boltzmann hierarchy and use Green’s func-
tions (e.g. Refs. [7, 52]) or (1b) use a first-order equiv-
alent to Greens’s functions and treat the full Boltzmann
hierarchy (Ref. [45]); and (2) use UETCs. Indeed, Eqs.
(35)-(36) are linear and their homogeneus part only de-
pends on the magnitude of the wave vector, which makes
it possible to use the UETC approach.
To calculate the CMB power spectrum [53] from active
sources, one has to solve an equation of the form:
DX = ST (39)
where D is a differential operator and ST is the active
source. The power spectrum is then a quadratic quantity
which has the general form〈
Xi (τ0,k)X
∗
j
(
τ0,k
′)〉 . (40)
This can be expressed in terms of Green’s functions as
follows:
〈
Xi (τ0,k)X
∗
j
(
τ0,k
′)〉 τ0∫
τin
dτGjm (τ, k)×
×
τ0∫
τin
dτG∗lm (τ
′, k′)Sm (τ, k)S∗n (τ
′, k′) (41)
Hence, to calculate the influence of strings on the CMB
power spectrum, only the following quantity is needed:
〈Sm (τ, k)S∗n (τ ′, k′)〉 (42)
In particular, the string energy-momentum tensor
UETC can be written as:
〈Θµν(k, τ)Θρσ(−k, τ ′)〉 = Xµν,ρσ(k, τ, τ ′) (43)
Using scaling, one can reexpress this correlation func-
tion as [52]:
Xµν,ρσ(k, τ, τ
′) =
cµν,ρσ(kτ, kτ
′)√
ττ ′
(44)
This new UETC matrix cµν,ρσ(kτ, kτ
′) is obtained as
the expectations value of a squared quantity and hence
is positive definite [51]. It is thus diagonalisable and can
be expressed in terms of its eigenvalues and eigenvectors
[54, 55]:
cµν,ρσ(kτ, kτ
′) =
∑
i
λiv
(i)
µν(kτ)v
(i)T
ρσ (kτ
′) (45)
7FIG. 1. Evolution of the string network in the simulation covering the matter era (redshift range 945 to 37.2)
where vi are the a set of orthonormal eigenvectors of the
matrix c.
The eigenmodes are coherent [54] and hence each of
them can be fed individually into a Boltzmann equation
solver and then the total angular power spectrum can be
expressed as:
Cstringl =
∑
i
λiC
(i)
l (46)
As the unequal time correlators have been multiplied
by
√
ττ ′, the source terms in the Boltzmann equation are
substituted as:
Θ(kτ)→ v
(i)(kτ)√
τ
(47)
To calculate the power spectrum of the cosmic strings,
one has to modify the sources of the Einstein equations
by adding the contribution from the strings as sources
[45]. The Einstein equation is:
Gµν + Λgµν = 8piGTµν (48)
For an expanding universe, the metric can be expressed
as:
gµν = a
2(ηµν + hµν) (49)
where hµν is a perturbation to η. In the synchronous
gauge, h00 = h0i = 0.
A general tensor expressed in Fourier space can split
into its scalar, vector, and tensor parts as:
Tij(k) =
1
3
Tδij +
(
kˆikˆj − 1
3
δij
)
TS +
+
(
kˆjT
V
i + kˆiT
V
j
)
+ TTij (50)
where the vector and tensor parts are transverse and the
tensor part is traceless. Both the metric perturbation
hµν and the energy-momentum tensor can be split ac-
cording to Eq. (50). To find the equations satisfied by
the components of the metric perturbations, one has to
consider the first-order perturbations to both the metric
and the energy-momentum tensor and then use Eq. (48).
The metric perturbation tensor is split according to
Eq. (50), while for the stress-energy tensor one needs to
consider the usual matter perturbations (as in Ref. [56])
and the perturbations given by the cosmic strings:
δT 00 = −δρ+ Θ00 (51)
δT 0i = (ρ+ P ) vi + Θ
0
i (52)
δT ij = δPδ
i
j + pΣ
i
j + Θ
i
j (53)
Using the Einstein equation (48) and its conservation
G;νµν = 0, one obtains the evolution equations for the
metric perturbations:
kη¯′ = 4piGa2
∑
i
(ρi + pi) vi − 4piG
k
ΘD (54)
h¨S + 2
a′
a
h˙S − 2k2η = 16piG (a2pΣS + ΘS) (55)
h¨V + 2
a′
a
h˙V = 16piG
(
a2pΣV + ΘV
)
(56)
h¨T + 2
a′
a
h˙T + k2hT = 16piG
(
a2pΣT + ΘT
)
(57)
where η¯ = h−h
S
6 and Θ
D satisfies the equation
Θ˙D = ΘD
(
−2 a˙
a
− k
2a
3a˙
)
− k
2
3
(
2ΘS −Θ00 − aΘ˙00
a˙
)
(58)
Equations (54)-(57) have been implemented into a
Boltzmann solver (CMBFAST), by modifying the rel-
evant equations to accommodate the cosmic string
sources. The energy-momentum tensor of the cosmic
strings needed to be substituted with the relevant eigen-
vector, as described in Eq. (47).
For the scalar part of the power spectrum, one requires
the components Θ00 and Θ
S . In this situation, it is not
possible to diagonalise each of the UETC matrices cor-
responding to 〈Θ00Θ00〉 and 〈ΘSΘS〉 separately because
the cross-correlator 〈Θ00ΘS〉 is nonzero. One has to build
8the block matrix(〈Θ00Θ00〉 〈Θ00ΘS〉
〈ΘSΘ00〉 〈ΘSΘS〉
)
(59)
and to diagonalize it. The first half of each of the eigen-
vectors would correspond to Θ00, and the second half
would correspond to ΘS . The eigenvalues are common
to both.
In the case of vectors and tensors, the situation is dif-
ferent. The two vector modes ΘV 1 and ΘV 2 evolve inde-
pendently, but their autocorrelators are the same:
〈ΘV ΘV 〉 := 〈ΘV 1ΘV 1〉 = 〈ΘV 2ΘV 2〉 (60)
and their cross-correlators vanish 〈ΘV 1ΘV 2〉 = 0, due to
statistical isotropy. The same is true for the two tensor
modes. Furthermore, the correlators between a vector
and a tensor mode also vanish. We will discuss the results
that we obtained using this method in Sec. VII.
We have used the decomposition section of the Lan-
driau and Shellard code [45] to calculate the energy-
momentum components of the UETCs. The energy-
momentum tensor of the string network has been inter-
polated on a 3D grid in Fourier space, and it has been
decomposed into scalar, vector and tensor parts. The rel-
evant UETCs described in the previous paragraphs were
then calculated.
V. EVOLUTION OF THE UETCS AND
RESOLUTION EFFECTS
The most important aspect when calculating the
UETCs is to make sure that the resolution considered
is high enough so that it can capture all the physical
scales of relevance for sourcing the main CMB signal. A
first step in order to achieve this was to analyse the en-
ergy density of the string network in real space at a given
time for a range of grid resolutions. Boxes of 1283, 2563,
5123, 7683, 10243, and 15363, respectively, points have
been chosen. In Fig. 2 the energy density of the string
network for time 384 out of 1536 for the simulation in
the radiation era has been plotted for the resolutions of
1283, 5123, and 15363 .
For the lowest resolution, important information is
smoothed out, and the strings do not have a threadlike
appearance. As the resolution is increased, the strings
become thinner as one would expect with better grid
sampling. However, one cannot increase the resolution
indefinitely because, after getting in the vicinity of the
resolution of the simulation itself, the network would ap-
pearas made up of disconnected bulbs. The effect of res-
olution on a string network is especially apparent at ear-
lier times (as shown in Fig. 2), when the string density
is much higher. However, when one is interested in ray
tracing through the simulation, e.g. to compute CMB
maps, the difference in resolution does not affect the re-
sults at early times because of the very high string density
but will cause the late-time features to have increasing
levels of sharpness; however, as we shall now show, ade-
quate resolution is critical for the accurate computation
of UETCs.
Even though in recent years the computational capac-
ity has radically increased, it is still challenging to go to
very high resolutions in simulations. Increasing by a fac-
tor of 2 the linear grid resolution increases each file size by
a factor of 8 and the time required by a similar amount.
Due to these time and disk space considerations, we chose
to use a grid size of 10243 for the simulations. The huge
grid size limits, however, our possibility of using a very
high time resolution as well, and for each of the simula-
tions, we use around 100 time steps. We have checked
that the time sampling does not modify the UETCs no-
ticeably. To ensure the symmetry of the UETCs, we are
using the same sampling for τ1 and τ2 for the computa-
tions.
An alternative approach is being developed [57], which
uses a lower spatial resolution but a greater time resolu-
tion. To obtain the full UETCs at this resolution a total
CPU time of approximately 20000 h is required using 200
Intel Xeon processors with a clock speed of 2.6GHz. We
have performed all the calculations on the COSMOS su-
percomputer. Typical UETCs obtained at resolution of
10243 are plotted in Figs. 3 and 4 from the simulation
covering the matter era.
At resolutions greater than or equal to 5123, spurious
peaks appear in the UETCs if the first 1% of the time
steps of the simulation is considered. This is due to the
appearance of loops over the length scale of the resolution
size, i.e. excessive correlation in the Vachaspati-Vilenkin
initial conditions. In Fig. 5, we have represented the
initial appearance of the string network, both as a 3D
view and a projection of the energy density to illustrate
the correlation between the segments forming the string
network. To get accurate predictions for the UETCs, the
first time steps should be discarded, as they represent
only the effect of the initial conditions and not of the
physics involved.
Another important feature that needs to be checked is
the scale invariance of the UETCs. This can be checked
by verifying whether the shape of the UETC depends
on which part of the simulation is used (after discard-
ing the initial conditions). The UETCs in Figs. 3-4
are scale-invariant. They are almost independent of the
starting time of the simulation. We have illustrated this
behaviour by plotting the 〈Θ00Θ00〉 UETC between three
times (64, 140, and 220) and all times between 32 and 223
and 64 and 223 (Fig. 6). The plots have been zoomed in
around the peak in order to show the scale invariance. In
the case of the 3D plot, the differences in terms of start-
ing time are imperceptible, and hence only the one with
the starting time 32 is represented. When correlating
components of the energy-momentum tensor from early
times with all the corresponding components from a cer-
tain time until the end of the simulation, there appears
to be a small difference in the UETC corresponding to
9FIG. 2. Energy density component of the string network in real space evaluated at time 384 out of 1536 for the simulation in
the radiation era for resolutions of 1283, 5123, and 15363.
that starting point. If we choose, however, a later time to
correlate with all the others, the difference becomes im-
perceptible. This is due to the fact that for earlier times
there is more information in the string network due to
the higher string density. As the Universe expands, the
strings become less dense in the Universe. This can be
seen in the fact that the correlators in Fig. 6 have slightly
lower amplitudes from top to bottom as the time used for
correlations increases. Nevertheless, scale invariance is a
good approximation just throughout each of the simula-
tions; the string network is not scale-invariant through-
out the history of the Universe, as the UETCs are not
identical in the three simulations.
Resolution convergence
We have studied the convergence of both the shape
and the amplitude of the UETCs in terms of resolution
of the grid. To illustrate this, we have chosen the simu-
lation in the matter era. In Fig. 7, we have plotted the
equal time correlator (diagonal component of the UETC)
of the energy density for the various resolutions consid-
ered, from 1283 until 12803. The peak is still increasing
as the resolution is increased, but one can observe that
relative differences from consecutive resolutions are get-
ting smaller. However, technical constraints do not allow
us yet to increase the resolution further and get the re-
sults in a reasonable amount of time. Currently the full
simulation at a resolution of 1280 takes around 40000
CPU hours on Intel Xeon processors with a clock speed
of 2.6GHz on the COSMOS supercomputer.
From Fig. 7 it can be seen that the two lowest reso-
lutions do not give accurate results. This was expected
since the string network is not properly resolved at this
resolution (see Fig. 2). The behaviour of the other cor-
relators that were calculated is similar and has not been
plotted. We have used the UETCs obtained at resolu-
tions of 1283, 2563, 5123, 7683, 10243 and 12803 and we
have determined the correlations between them in terms
of the shape and amplitude correlators defined by the two
formulae:
s
(c)
A,B =
∑
i
∑
j U
A(i, j)UB(i, j)√∑
i,j(U
A(i, j))2
√∑
i,j(U
B(i, j))2
(61)
r
(c)
A,B =
√∑
i,j(U
A(i, j))2√∑
i,j(U
B(i, j))2
(62)
where (c) is taken to be 〈Θ00Θ00〉, 〈ΘSΘS〉, 〈Θ00ΘS〉,
〈ΘV ΘV 〉, and 〈ΘTΘT 〉, respectively. These represent
measures of the goodness of fit between the different sim-
ulations considered in terms of their shapes and ampli-
tudes respectively. We have taken A to be the simulation
at a resolution of 12803, and for B we took in turn each
of the simulations from resolutions of 1283, 2563, 5123,
7683, and 10243 respectively. The results obtained are
shown in Table I, and the convergence trend is displayed
in Fig. 8.
As the grid resolution is increased to 12803, Fig. 8 and
Table I show very good convergence in both the shape
and the amplitude for all the UETCs. The convergence
at approximately 5% is limited by numerical constraints.
However, from Fig. 7, one can see that, although we are
approaching convergence with the correlators, this has
not been yet achieved. Between 70 < kτ < 80, the en-
ergy density UETC decays by 2 to 3 orders of magnitude
compared to kτ = O(1) and hence would make a com-
paratively small contribution to the power spectrum. For
the region kτ < 70, there is a definite sign that the graphs
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FIG. 3. Scalar UETCs obtained from a grid resolution of 1024: the figures of the left represent oblique 3D views of the three
scalar UETCs (〈Θ00Θ00〉 - top, 〈ΘSΘS〉 - middle and 〈Θ00ΘS〉 - bottom), the top right plot represents a contour plot of the
00-00 UETC in linear scale and two bottom right plots represent the three scalar UETCs in linear and logarithmic scales
are approaching convergence, though it is not completely
achieved.
VI. ANALYTIC UETC MODEL
An analytic model for the calculation of UETCs based
on the USM model for Nambu-Goto strings has been de-
veloped in Ref. [12]. The analytic model is based on the
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TABLE I. Shape and amplitude correlators for the UETCs at
different simulation resolutions
UETC Correlator 1283 2563 5123 7683 10243
〈Θ00Θ00〉 Shape 0.6048 0.7783 0.9735 0.9939 0.9991
Amplitude 3.0939 2.4376 1.2889 1.1123 1.0384
〈ΘSΘS〉 Shape 0.5628 0.6026 0.9192 0.9750 0.9952
Amplitude 3.7040 2.6621 1.5079 1.2220 1.0831
〈Θ00ΘS〉 Shape 0.6072 0.6377 0.949 0.9851 0.9971
Amplitude 5.7650 4.1559 1.4993 1.1968 1.0696
〈ΘV ΘV 〉 Shape 0.6587 0.7381 0.9335 0.9795 0.9962
Amplitude 2.4435 1.8765 1.3244 1.1524 1.0593
〈ΘTΘT 〉 Shape 0.5632 0.6011 0.9180 0.9772 0.9961
Amplitude 3.5414 2.8519 1.5209 1.2278 1.0833
phenomenological USM model. The correlation length
can be expressed in terms of a new parameter ξ defined
as ξ = Laτ .
Using Eqs. (28) and (29), as well as the SVT decompo-
sition, the relevant UETCs are obtained analytically by
integrating over the string network, separately for each
stress-energy component of interest:
〈Θ(k, τ1)Θ(k, τ2)〉 =
=
2f(τ1, τ2, ξ, Lf )
16pi3
∫ 2pi
0
dφ
∫ pi
0
sin θ dθ ×
×
∫ 2pi
0
dψ
∫ 2pi
0
dχΘ(k, τ1)Θ(k, τ2) (63)
where the function f quantifies the decrease in the num-
ber of segments by string decay. The anisotropic scalar,
vector and tensor components are given in this case by
Eqs. (30)-(32). The UETCs that are computed are
compared with simulations produced with the CMBACT
code for different values of the parameters.
The final results have only three free parameters: v,
α, and ξ. They can be obtained by integrating Eq. (63)
and depend on integral expressions Ai:
〈Θ(k, τ1)Θ(k, τ2)〉 = f(τ1, τ2, ξ, Lf )µ
2
k2 (1− v2) ×
×
6∑
i=1
Ai [Ii(x−, ρ)− Ii(x+, ρ)] (64)
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FIG. 5. Network correlation in the initial conditions from the
simulation covering the matter era: left - oblique 3D view,
right - front view
where ρ = k|τ1 − τ2|v, x± = kξ(τ1 ± τ2)/2 and the ex-
pressions Ai depend again on the three parameters and
can be found in the Appendix of Ref. [12].
Fit to the analytic model
To be able to compare the simulated UETCs with the
analytical ones from Ref. [12], we have added the two
vector and two tensor components and we have obtained
the five functions used in Ref. [12]. The analytical model
depends on three parameters, v, α, and ξ. The param-
eters have the following ranges: v varies between 0 and
1, α is in the interval [1, 2] and ξ is positive. We use
again the shape [see Eq. (61)] and amplitude correlators
[Eq. (62)], this time with A representing the analytical
UETC and B representing the simulated one. The s’s
and r’s have been tabled for parameters in the permitted
ranges and the values of the shape correlators have been
maximised. The amplitude correlators have been chosen
to be as close to one another as possible (due to different
normalisation factors).
The best-fit parameters are as follows: ξ = 0.2 for the
first two simulations and ξ = 0.3 for the third; while v
is 0.5, 0.1, and 0.6, respectively; and α is 1.5, 1.3, and
1.3. The best results obtained for the three simulations
for the shape and amplitude correlators are presented in
Table II. We will show a comparison between these “best
fit” power spectra and the ones that we have obtained
using the eigenvectors in Sec. VII.
We have updated CMBACT with the latest published
Planck parameters [58], and we have taken Gµ = 2.07×
10−6, as in Ref. [12]. We then ran the code with 500
string segments and 400 realisations with the parameters
found for the best fit. We have obtained these values of
the parameters by fixing the values of v, α, and ξ on all
scales. Otherwise, the parameters are just initial condi-
tions for the differential equations in the VOS model, and
hence the results vary only weakly with them. The cos-
mological parameters chosen were the Planck+WP+high
L+BAO parameters from the 2013 Planck results [4].
For comparison, we have also run the default CMBACT
[13] with default initial parameters (v = 0.65, α = 1.9,
ξ = 0.13) with Planck cosmology. We have taken the
Abelian-Higgs power spectrum data from Ref. [59], and
we have plotted in Fig. 9 all three power spectra from
simulations on the same graph in terms of the multi-
pole l, in logarithmic scales, together with the USM and
Abelian-Higgs ones.
The power spectrum for the Nambu-Goto strings, ob-
tained from simulations, is situated between the power
spectra of the USM and the Abelian-Higgs models. This
was expected, as the USM model is unable to capture
very accurately the entire small scale behaviour of the
cosmic strings, while the Abelian-Higgs model does not
have enough dynamic range. It can be seen that the po-
sition of the peak corresponds to approximately the same
l in all cases and that the power spectrum in the three
cases is very similar for l < 30. The matter era spectrum
has a smaller peak amplitude and is straighter for large l.
The CMB power spectra obtained from the simulations
are very similar because of the fact that we are only us-
ing CMBACT with different parameters to obtain them.
In the next section we will describe the power spectrum
obtained using UETCs directly.
VII. POWER SPECTRUM OBTAINED FROM
EIGENDECOMPOSITION OF UETCS
Using the formulae in Sec. IV, we have run our code
and we have computed the power spectra from the three
simulations that span the whole cosmological time. The
power spectra have been calculated first by using each
of the individual simulations and extending their validity
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FIG. 6. 〈Θ00Θ00〉 UETCs exhibiting scale invariance. In the bottom two rhs plots, the two plotted curves are indistinguishable.
Scaling can be observed between the figures despite the correlation time used.
to the whole cosmological time by assuming scaling. For
example, even though we have determined the UETCs
using just cosmic strings that have evolved in the radia-
tion era, we assume that the UETCs would be valid for
all times. The matrices corresponding to them have been
diagonalised, and their corresponding eigenvectors have
been sorted in terms of the magnitude of their eigenvalues
(from largest to lowest). We determined the power spec-
tra from each of the eigenvectors and then we summed
up the results. Although in principle all the eigenvectors
have to be used in order to obtain an exact result, in
practice using Eq. (46) it can be noticed that for very
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TABLE II. Shape and amplitude correlators for UETCs in the three simulations
Simulation Correlator 〈Θ00Θ00〉 〈ΘSΘS〉 〈Θ00ΘS〉 〈ΘV ΘV 〉 〈ΘTΘT 〉
Radiation era
Shape 0.710 0.841 0.188 0.815 0.738
Amplitude 1.009 0.985 0.338 0.656 0.932
Matter era
Shape 0.667 0.801 0.132 0.744 0.663
Amplitude 1.000 0.978 0.343 0.693 1.086
Matter + Λ eras
Shape 0.751 0.820 0.212 0.803 0.718
Amplitude 0.998 1.094 0.365 0.746 0.928
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FIG. 7. 〈Θ00Θ00〉 equal time correlators at different resolu-
tions
small eigenvalues the contribution to the overall angular
power spectra becomes insignificant. We have analysed
this problem in detail and it turns out that for all four
power spectra considered using roughly 200 eigenvectors
gives a very good convergence for the power spectra. We
have checked this in all our results. This is illustrated in
Fig. 10 with the power spectra that we have obtained
in the radiation era. The power spectra obtained from
the scalar, vector and tensor components have been plot-
ted on separate figures, and the convergence in terms of
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FIG. 8. Evolution of the averaged shape and amplitude cor-
relators
the number of eigenvectors used has been shown. In the
case of the vectors, for the TT and TE power spectra
we get excellent convergence using just 100 eigenvectors.
For the EE and BB vector power spectra as for all tensor
components we need 200 eigenvectors to get a very good
convergence.
Later (see Fig. 12), we will show a comparison between
the results that we have obtained by assuming scale in-
variance throughout the history of the Universe vs scale
invariance in each of the cosmological eras (radiation,
matter, and Λ domination).
From the comparison of the results obtained from the
simulations with the ones found by fitting the three pa-
rameters in CMBACT we notice that, unfortunately, the
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FIG. 9. Comparison between the TT power spectrum for
USM , Abelian-Higgs and Nambu-Goto simulated strings.
Simulation 1 covers the radiation era, Simulation 2 the matter
era, and Simulation 3 matter and cosmological constant eras.
The USM and Abelian-Higgs power spectra are the standard
results used in the Planck cosmic defects paper [17]
fits do not match the results from the simulations very
well. The comparison between the simulations and the
fits in the case of the temperature power spectrum is illus-
trated in Fig. 11. The standard USM and Abelian-Higgs
power spectra are also plotted for comparison.
We used the three simulations separately, assuming
their validity in the redshift range in which they were
run, and we calculated the relevant Cl’s in each case, and
then we added the results up. We will show the method-
ology used for combining the results from the three simu-
lations for calculating the total combined angular power
spectrum in the following paragraph.
Let nˆ be the direction of the photon propagation,
µ = cos
(
~k, ~p
)
the angle between the wave vector and
the momentum of the photon, and τ the conformal time,
τ0 the conformal time today. We define the brightness
function in terms of the relative variation of the temper-
ature by:
∆(k, µ, τ) = 4
∆T
T
(65)
By using the collisional Boltzmann equation, and using
the perturbations from Eq. (49), it can be shown that the
brightness function ∆ satisfies the differential equation:
∆′ + ikµ∆ = −2h′ij nˆinˆj + τ˙(δγ + 4nˆ · v −∆) (66)
where τ˙ is the differential Thomson cross section and δγ
is the photon perturbation.
We assume that the cosmic string energy-momentum
tensor (in this case the corresponding eigenvector) is
nonzero only in a conformal time interval (τ (A), τ (B)).
We will show that the time derivative of hα tends to zero
outside this interval. Equations. (54)-(57) are linear and
their initial conditions are hα = h˙α = 0 at τ = 0, with α
corresponding to the scalars, vectors, and tensors. Hence,
hα(τ) = h˙α(τ) = 0 for τ < τ (A). For τ > τ (B), there is no
longer any source present, and hence h(α) would at most
remain constant while its time derivative would quickly
decay. Hence, ∆ = 0 in the absence of cosmic strings
(due to the suitable initial conditions).
Equation (66) can be decomposed into eigenmodes us-
ing Legendre polynomials:
∆(k, µ, τ0) =
∞∑
0
2l + 1
il
∆l(k, τ0)Pl(µ) (67)
The integral identities involving the Legendre polyno-
mials and the spherical Bessel functions:∫ 1
−1
Pm(x)Pn(x)dx =
2
2n+ 1
δmn (68)
il
2
∫ 1
−1
Pl(µ)e
ikµ(τ−τ0)dµ = jl((k(τ0 − τ)) (69)
can be used. After splitting Eq. (66) into scalar, vector,
and tensor modes, let S = S(h˙α) be the source function
due to strings in each of the cases above.
∆l(k, τ0) =
∫ τ0
0
dτS(k, τ)jl(k(τ0 − τ)) (70)
The corresponding angular power spectrum is ex-
pressed as:
Cl =
2
pi
∫ ∞
0
dkk2∆l(k, τ0)
2 (71)
Each of the simulations considered is valid in a differ-
ent time range. In the previous section we have extended
the validity of the simulations by assuming scaling. How-
ever, scaling is not perfect throughout the history of Uni-
verse, as can be seen from the power spectra that we
have obtained by making this assumption (Fig. 12). If
scaling were perfect, the power spectra from the three
simulations would have to be identical. We consider the
energy-momentum tensor as follows:
Θ(k, τ)→

vradiation(kτ)√
τ
if τ ∈ radiation era
vmatter(kτ)√
τ
if τ ∈ matter era
vmatter+Λ(kτ)√
τ
if τ ∈ Λ era
(72)
Equation (66) is a differential equation which is linear
in the cosmic string sources and hence Eq. (70) has the
same property for all values of l. This shows that splitting
the sources into three parts, computing the ∆l functions
separately, and then summing up the results would not
change the integral. We will now consider that the string
sources only act in the time interval where they are de-
fined and we will split the calculation into three parts,
corresponding to each of the epochs. For example, for the
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FIG. 10. Power spectra of the cosmic strings obtained from the simulations in the radiation era assuming scale invariance.
From left to right: scalar, vector, and tensor power spectra; from top to bottom: TT, EE, TE, and BB power spectra
(Gµ = 1.5 × 10−7). The numbers in the legend represent the number of eigenvectors used. The colours in the tensor spectra
plots represent different numbers of eigenvectors used compared to the scalar and vector spectra.
radiation era, we shall take the energy momentum-tensor
from Eq. (72) as:
Θ(k, τ)→
{
vradiation(kτ)√
τ
if τ ∈ radiation era
0 if τ 6∈ radiation era (73)
More generally, we will assume that the sources S from
Eq. (70) can be written as a sum as:
S(k, τ) =
∑
Si(k, τ) (74)
where each of the S′is is defined on an interval
(τ
(A)
i , τ
(B)
i ). These intervals are disjoint. This is possible
because the differential involved for ∆l and h are linear.
However, in the expression for Cl there is a square of ∆l.
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FIG. 11. Comparison between the TT power spectra obtained
through the best fit method and using eigenvectors
So we can reexpress Eq. (71) as:
Cl =
∑
i
Cil +
4
pi
∑
i<j
∫ ∞
0
dkk2
∫ τ0
0
dτ1
∫ τ0
0
dτ2
Si(k, τ1)Sj(k, τ2)jl(k(τ0 − τ1))jl(k(τ0 − τ2)) (75)
where Cil represents the contribution to the angular
power spectrum obtained only from source i (e.g. only
radiation era). We will now show that the last sum of
integrals from Eq. (75) is negligible compared to each
of the terms in the first sum. We note that the sources
S oscillate much less in k compared to the Bessel func-
tions and hence, after changing the order of integration,
a typical integral term from this sum can be reexpressed
as: ∫ τ0
0
dτ1
∫ τ0
0
dτ2Si(τ1)Sj(τ2)×
×
∫ ∞
0
dkk2jl(k(τ0 − τ1))jl(k(τ0 − τ2)) ∼∫ τ0
0
dτ1
∫ τ0
0
dτ2Si(τ1)Sj(τ2)δ(τ2 − τ1) =∫ τ0
0
dτ1 Si(τ1)Sj(τ1) (76)
using the properties of the spherical Bessel functions. We
now assume i < j and we take into account that the cos-
mic strings only source the perturbation equations in the
intervals (τ
(A)
i , τ
(B)
i ) and (τ
(A)
j , τ
(B)
j ). The contribution
from the first source will only start at τ
(A)
i and end at
τ
(B)
i . Hence, S1 will be zero before τ
(A)
i and start decay-
ing after τ
(B)
i . The decay of the sources after there are
no strings is exponential in time. A similar behaviour is
expected from the second cosmic string region. Hence,
the integral (76) will only have a nonzero contribution in
the region where the contribution of the first source has
not completely decayed and the second source has an in-
creasing contribution. As this contribution is suppressed
due to the time decay of the sources Si, this last integral
will give a very small contribution and we will neglect it.
The results that we obtained show that, in the TT
spectrum, the cosmological constant era contributes at
l < 100 with a peak at l = 30, the matter era contributes
in the range 50 < l < 400, and the radiation simulation
for l > 200, as expected. The total power spectrum con-
verges to the matter and Λ era result for low l and the
radiation era one at high l. The final results resemble
most the extrapolated matter era simulation, in agree-
ment with the results reported in Ref. [53]. The other
three spectra (TE, EE, and BB) exhibit a similar be-
haviour but the signal is dominated by the one from the
radiation era. The individual results are shown in Fig.
12. We have used 200 eigenvectors for each of the lines
in the plots.
In Fig. 13 we show the final TT power spectrum
obtained from the three Nambu-Goto simulations (com-
bined), together with the USM and Abelian-Higgs ones.
In addition, we also plot the results obtained with the
fourth version of the code CMBACT [13], in which the
author has corrected various bugs but also updated the
VOS model. This new version gives a lower amplitude
for the temperature power spectrum and its overall shape
resembles more the Abelian-Higgs one. Using our simu-
lations, we obtain an even lower amplitude for the power
spectrum. The peak remains at roughly the same posi-
tion as in the USM case. The shape of our TT power
spectrum is more similar in terms of amplitude to the
USM result, but its shape resembles more the Abelian-
Higgs spectrum.
VIII. STRING TENSION CONSTRAINTS
To constrain the power spectrum contribution from the
Nambu-Goto string simulations, we have used a Markov
chain Monte Carlo method, using a modified version of
the COSMOMC code [60, 61]. This method involves eval-
uating the power spectrum each time the parameters are
modified, by calling an instance of the code CAMB [62].
The total power spectrum is obtained from the sum be-
tween the inflationary spectrum and the one obtained
from cosmic strings because the cosmic string sources,
which are active sources, are uncorrelated with the pri-
mordial perturbations [63]. This would in principle re-
quire the calculation of the cosmic string power spectrum
many thousands of times, for each choice of cosmologi-
cal parameters, which is not feasible because calculating
the cosmic string power spectrum by itself requires sev-
eral hours of computational work. Fortunately it has
been suggested [5, 39] that it evolves much slower as a
function of the parameters compared to its inflationary
counterpart. In Ref. [64] it has been explicitly shown
that the cosmological constant varies less than 10% with
Gµ/c2. The cosmic strings are expected to contribute
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FIG. 12. Power spectra of the cosmic strings obtained by using each of the three sets of UETCs and assuming scaling for the
whole history of the Universe. The red, green, and blue show the power spectra considering the extrapolation of the results
obtained in the radiation, matter, and matter + Λ epochs. The contributions from the UETCs from just the time interval
where they are valid are plotted in the yellow, cyan, and and magenta curves, and their sum is in black. The black curve
represents the final overall power spectrum obtained. From left to right: The scalar, vector, and tensor power spectra; from
top to bottom the TT, EE, TE, and BB power spectra (Gµ = 1.5× 10−7).
less than 5% in the total power spectrum, so as the cos-
mological parameters are varied in the allowed regions,
the string power spectrum does not vary more than 20%
[65, 66]. This gives overall better than 1% accuracy for
the contribution of cosmic strings, which is greater than
the accuracy of CAMB. Hence we have calculated the
cosmic string power spectrum for a particular set of cos-
mological parameters and we only allow the overall string
contribution to vary, through the parameter f10, which
represents the fractional power of the cosmic strings com-
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pared to the inflationary power at the tenth multipole
[17, 67]:
f10 =
Cstring10
Ctotal10
(77)
We also use the relation f10 ∝ (Gµ)2 to relate the new
parameter to the string tension [68]. We have used the
latest version of the COSMOMC code, together with the
BICEP data [27], in order to obtain accurate constraints
on the maximum allowed string tension. We have used
the standard cosmological parameters (the baryon den-
sity Ωbh
2, the cold dark matter density Ωhh
2, the optical
depth to reionisation τ , the expansion rate today H0, the
acoustic scale θ, the amplitude As, and the spectral in-
dex of density fluctuations ns), together with the Planck
nuisance parameters in order to obtain a full likelihood
calculation. In this paper, we present the result that we
have obtained from using cosmic strings together with
the ΛCDM parameters only in the Planck + WP case.
In the situation where we have included BICEP2 likeli-
hoods, we also need to include tensor modes. A more
detailed description of the procedures involved, where
we analyse degeneracies between cosmic strings and dif-
ferent nonstandard cosmological parameters (running of
the spectral index, increasing the number of degrees of
freedom, and adding tensor modes and neutrinos in ster-
ile states) is the object of another paper [26]. The two
results that we have obtained at 95% confidence level
are Gµ/c2 < 1.49 × 10−7 in the Planck only case and
Gµ/c2 < 1.44 × 10−7 for the BICEP2 and r case. Our
constraint in the Planck case is slightly stronger than
the Planck Collaboration result [17]. This is due to the
slightly different shape of our power spectrum to the
USM one. We have validated our formalism by obtain-
ing the Planck constraint with the USM data. In Table
III we present the results that we have obtained together
with the results without cosmic strings, but otherwise us-
ing the same parameters. We observe that the standard
cosmological parameters do not shift significantly.
While the Planck results are very robust and consistent
with results obtained by other authors with and without
cosmic strings [4, 17], the BICEP2 observations still re-
quire confirmation by independent experiments [69] until
definitive results can be claimed [70].
IX. SUMMARY AND OUTLOOK
In this paper we have used high precision numerical
simulations of the time evolution of Nambu-Goto strings
to determine the UETCs of the energy-momentum tensor
components. We have established the resolution required
to obtain robust and accurate results for the cosmic string
power spectrum. The resulting Nambu-Goto spectrum is
situated between that expected from the Abelian-Higgs
and USM models (Fig. 9). In the case of the Planck data,
this gives a slightly weaker constraint onGµ/c2 compared
to the one expected from the USM model but tighter
compared to that from the Abelian-Higgs model. The
string tension is constrained to be Gµ/c2 < 1.49 × 10−7
and the fractional power to f10 < 0.019 when using the
the Planck data.
In a companion publication [26], we have used the
temperature power spectrum likelihoods from the Planck
mission [4] and the polarisation data from WMAP and
BICEP2 [27] to obtain strong and robust constraints on
the string tension. In the future we will also use polarisa-
tion information to obtain stronger constraints from the
next Planck data release.
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TABLE III. Constraints on the fitted cosmological parameters, together with 1σ error bars in a full likelihood analysis (with
all relevant nuisance parameters) with and without cosmic strings in the case of Planck and WMAP polarisation (left) and
Planck, WMAP polarisation, BICEP2 likelihoods and tensor modes (right).
Planck + WP Planck + WP + BICEP2 + r
Parameter No strings Strings No strings Strings
Gµ/c2 < (2σ) - 1.49× 10−7 - 1.44× 10−7
Gµ/c2 (best fit) - 4.99× 10−8 - 8.30× 10−8
r - - 0.15± 0.04 0.15± 0.04
H0 67.20± 1.16 67.42± 1.20 67.72± 1.10 67.95± 1.20
100Ωbh
2 2.202± 0.027 2.209± 0.029 2.203± 0.028 2.210± 0.029
Ωch
2 0.120± 0.003 0.119± 0.003 0.119± 0.003 0.118± 0.003
τ 0.089± 0.013 0.087± 0.013 0.089± 0.013 0.088± 0.013
100θMC 1.0412± 0.0006 1.0412± 0.0006 1.0413± 0.0006 1.0414± 0.0007
ln(1010As) 3.088± 0.025 3.078± 0.026 3.085± 0.025 3.075± 0.025
ns 0.959± 0.007 0.958± 0.007 0.964± 0.007 0.964± 0.0007
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